We demonstrate electric-magnetic duality in N=1 supersymmetric non-Abelian gauge the- 
Introduction
The holomorphic objects in supersymmetric field theories in four dimensions can be analyzed exactly [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] (for a recent short review see [14] ). These objects characterize much of the long distance physics of these theories including their phase structure and their light spectrum (in some cases even the massive spectrum can be determined). This fact makes these theories interesting laboratories for the study of the behavior of gauge theories, leading to new insights about issues like confinement and chiral symmetry breaking.
We also hope that these solvable examples will address more fundamental issues in field theory and string theory. One such issue, which we will discuss here, is the weak-strong coupling duality between electric and magnetic variables [15] . In N=4 [16] and certain N=2 [11] supersymmetric theories this duality is expected to be an exact symmetry of the full theory. These theories are characterized by scale invariance for every value of the coupling constant τ on which the duality transformations act. In asymptotically free theories the coupling constant τ is replaced by a dynamically generated scale Λ and therefore it seems that duality cannot act. However, in some N=2 [10, 11] and N=1 [12] theories with an unbroken Abelian gauge group, i.e. an Abelian Coulomb phase, duality in the value of the effective coupling constant τ ef f of the low energy photons is crucial in the understanding of the Coulomb phase.
In this paper we will study asymptotically free theories in their non-Abelian Coulomb phase, i.e. a phase in which the light spectrum includes non-Abelian gluons and quarks.
We will show how duality helps to understand this phase.
The prototype of our theories is supersymmetric QCD [1, 5] . This theory is based on an SU (N c ) gauge theory with N f flavors of quarks, Q i in the N c representation and Q i in the N c representation (i, i = 1, . . . , N f ). The anomaly free global symmetry is
where the the quarks transform as
The interesting gauge invariant operators which we will study are For N f < N c the quantum theory does not have a ground state [1] . For N f ≥ N c the quantum theory has a moduli space of inequivalent vacua [1, 7] . For N f = N c this space is different from the classical one [7] . For N f = N c + 1 the two spaces are identical but the interpretation of the singularity at the origin is different -there are massless mesons and baryons [7] .
For N f ≥ N c + 2 the quantum moduli space is the same as the classical one [7] . This can be shown by turning on a tree level mass term W tree = Tr mM and finding It was conjectured in [7] that the theory at the origin is in a non-Abelian Coulomb phase. Clearly, this is the case for N f ≥ 3N c where the theory is not asymptotically free. Hence, the IR theory is a free theory of the elementary quarks and gluons. The following simple argument shows that there are massless quarks and gluons at the origin also for smaller values of N f -at least for N f ≥ N c + 4. Consider a classical flat direction along which SU (N c ) is broken to SU (k). It is easy to see that classically there are N f − N c + k flavors in the low energy theory. If N f − N c + k ≥ 3k the low energy theory is not asymptotically free. Therefore, in the full quantum theory these quarks and gluons will remain massless. Taking the limit to the origin of the moduli space, we learn that
is a subgroup of the gauge group there and the theory is in a non-Abelian Coulomb phase.
This paper is devoted to the study of the non-Abelian Coulomb phase. We will argue that for 3N c /2 < N f < 3N c the theory at the origin of the moduli space is an interacting conformal field theory of quarks and gluons. This theory has two dual descriptions. In the original "electric" variables it is an SU (N c ) gauge theory with N f flavors. The dual theory is based on "magnetic" variables. It is an SU (N f − N c ) theory with N f flavors and an additional gauge invariant massless field. The quarks and the gluons of one description can be thought of as solitons (magnetic monopoles) of the quarks and the gluons of the dual theory.
As expected with such dual theories, when one of them is in a weakly coupled Higgs phase its dual is in a strongly coupled confining phase. For N f ≥ 3N c the original theory is not asymptotically free. The electric variables are free in the infrared and the magnetic ones are infinitely strongly coupled. The theory is thus in a "free non-Abelian electric phase." For N c + 2 ≤ N f ≤ 3N c /2 the electric variables are very strongly coupled but the theory of the magnetic variables is not asymptotically free and hence it is free in the IR.
The theory is thus in a "free non-Abelian magnetic phase." These two phases are dual to each other while the interacting non-Abelian Coulomb phase is self dual.
It is clear that the theory and its dual should have the same global symmetries.
Global symmetries are associated with observable currents which must be the same in the two theories. Gauge symmetries, on the other hand, are not real symmetries; they are a redundancy in the description. Therefore, it is possible, and in fact it is the case, that the gauge group of the dual theory is in general different from the original one. However, at a more intuitive level, one might wonder how we can have two descriptions of the same theory with a different number of gluons. The answer is that the duality makes sense in interacting scale invariant theories. Such theories do not have a well defined particle interpretation and therefore they can be described by different sets of massless interacting particles.
We will show similar phenomena in an SO(N c ) theory with N f flavors in the N c representation. The dual of this theory is an SO(N f − N c + 4) gauge theory with N f flavors and an additional gauge invariant massless field. We will not discuss SP (N c ) theories in detail here, but will simply note that the dual of an SP (N c ) theory with 2N f quarks in the fundamental representation is an SP (N f − N c − 2) gauge theory with 2N f quarks and another gauge invariant field.
The gauge group does not change under duality for SU (N c ) with N f = 2N c , for SO(N c ) with N f = 2(N c − 2) and for SP (N c ) with N f = 2(N c + 1). Precisely for these values we can add a chiral field in the adjoint of the gauge group and an appropriate Yukawa coupling so that the resulting N=2 supersymmetric theory is scale invariant for every τ and therefore it is likely to be fully dual. This observation could be important in a deeper understanding of the duality presented here.
Supersymmetric theories are believed to be relevant to the solution the hierarchy problem. Hopefully, our results about the dynamics of these theories will be helpful in constructing models of dynamical supersymmetry breaking. As we mention the potential phenomenological applications of our results, we cannot resist stating the speculation that perhaps some, or even all, of the known "elementary particles" of the standard model are dual to the truly elementary particles at shorter distance!
In section 2 we discuss supersymmetric QCD for 3N c /2 < N f < 3N c in their interacting non-Abelian Coulomb phase. In section 3 we describe the equivalent dual description of these theories. Just as the original, electric description can be extended to 3N c ≤ N f where the theory is free, the dual, magnetic theory can be extended to
where it is free. In section 4 we consider various deformations of the theories, shedding more light on the relation between duality, confinement and the Higgs mechanism. In section 5 we extend our analysis to SO(N c ) theories, where we gain further insight about the phases and show how our duality is a generalization of the duality in Abelian theories.
Interacting non-Abelian Coulomb phase for
By the general rules of quantum field theory the low energy theory must be scale invariant. If it includes interacting quarks and gluons, the beta function must have a non-trivial zero. The exact beta function in supersymmetric QCD satisfies [3, 4] Given that such a fixed point exists, we can use the superconformal algebra to derive some exact results about the theory. This algebra includes an R symmetry. It follows from the algebra that the dimensions of the operators satisfy
the inequality is saturated for chiral operators, for which D = and we can define the product of the two operators by simply taking the limit of x to zero. If this limit does not vanish, it leads to a new chiral operator O 3 whose dimension is
. We conclude that the chiral operators form a ring.
Clearly, this R symmetry cannot be anomalous and should commute with the flavor 
and similarly
The value of D( QQ) was determined in [7] from (2.1) -at the zero of the beta function
The complete list of unitary representations of the superconformal algebra was given in [18] by extending the analysis of the ordinary conformal algebra of ref. [19] . Clearly, all the gauge invariant operators in the theory should be in unitary representations. One of the constraints on the representations which follows already from the analysis of [19] is that spinless operators have D ≥ 1 (except the identity operator with D = 0) and the bound is saturated for free fields (satisfying
representation includes a negative norm state which cannot exist in a unitary theory.
The value of D( QQ) in (2.3) is inconsistent with this bound for N f < 3N c /2. Therefore, for these values of N f and N c our description of the physics cannot be correct. We suggest that the description in this section is valid in the entire range 3N c /2 < N f < 3N c .
For smaller values of N f a totally different description should be used. The fact that the dimension of M = QQ becomes one for N f = 3N c /2 shows that M becomes a free field, i.e. ∂ 2 M = 0. This indicates that in the correct description for N f = 3N c /2 the field M , and perhaps even the whole IR theory, is free.
We cannot prove our assumption that for every 3N c /2 < N f < 3N c the theory at the origin is in a non-Abelian Coulomb phase as we described. However, the consistency of the picture which emerges strongly suggests that this is indeed the case.
The dual theory
As N f becomes smaller with fixed N c , the interactions in the conformal field theory become stronger. In such a strongly interacting massless theory it does not make sense to talk about the spectrum of massless particles. In fact, we will suggest that the same theories have an equivalent description in terms of a different set of degrees of freedomdual variables -which become weakly coupled as N f becomes smaller. Unlike the original variables, the dual ones can also be used for N c + 2 ≤ N f ≤ 3N c /2 where they become free.
Since for N f ≥ N c + 1 the moduli space is not modified quantum mechanically, there is a vacuum at the origin: M = B = B = 0 [7] . At that point the full
R flavor symmetry is unbroken. Therefore, there should be N f flavors of quarks there. If the gauge group were SU (N c ) there, we would be faced with the above mentioned problem with the dimensions. We will argue that the gauge group there is actually SU (N f − N c ). According to the discussion in the previous section such a theory has an IR fixed point for 3N c /2 < N f < 3N c and becomes free for
Furthermore, all spinless operators have D ≥ 1.
If these quarks were the elementary ones, the operators B and B could not have been constructed. Instead we will assume that the quarks are not the elementary ones and will denote them by q and q. q transforms as N f − N c of the color group and q transforms as
Note that the new quarks q transform differently than Q under
the baryon number of q is a fraction and therefore q cannot be represented as a polynomial in the old quarks Q. Finally, the assignment of the R charge, which was motivated by the construction of the baryon operators, is anomaly free.
Although we can construct the baryons, we cannot construct the meson fields M .
Therefore, we suggest that they appear as independent fields
Our quantum numbers allow us to write a superpotential
(where the color indices are summed). Such a superpotential is necessary to give the fields q and q a mass away from the origin, as will be discussed in detail below. Therefore, we assume that the superpotential (3.3) is present. Superficially, the low energy theory has a new meson operator q i q i which is not present in the original theory. However, because of the term (3.3), this operator is redundant -its coefficient can be absorbed in a shift of M .
To summarize, we suggest that the new, "dual" variables are the mesons M , the SU (N f − N c ) gluons and the quarks q and q, and their Lagrangian includes the superpo-
This ansatz for the dual variables at the origin satisfies a highly non-trivial consistency condition. The 'tHooft anomaly matching conditions for
We find both in the original SU (N c ) gauge theory and in the dual
For 3N c /2 < N f < 3N c the low energy SU (N f − N c ) gauge theory with N f quarks is asymptotically free. It flows to the non-trivial IR fixed point discussed in section 2.
The dimensions of the chiral operators are determined by their R charge. In particular,
. Note that the superpotential (3.3) which has R = 2 is formally (because strictly speaking it is a redundant operator) marginal at the fixed point.
As N f becomes smaller the original theory becomes more strongly coupled. Its dual becomes more weakly coupled. This is a characteristic behavior of two dual theories.
Therefore, we suggest that the two theories are dual in the sense of electric-magnetic duality. We will refer to the original variables as electric and to the dual variables as magnetic. The quarks q and q and the SU (N f − N c ) gluons are interpreted as solitons (non-Abelian magnetic monopoles) of the elementary fields. Below we will substantiate this interpretation by studying various aspects of the two dual theories. 
Therefore, the fields M and N are massive -integrating out N i i we find that M satisfies its definition as a meson field. Note the change in sign of the second term which is motivated by ensuring that the dual of the dual is the original theory. Such a change in sign is common in duality (and Legendre) transformations.
In the electric variables M has dimension two at the UV fixed point and acquires the dimension (2.3) at the IR fixed point. On the other hand, at the UV fixed point of the magnetic theory it is more natural to assign dimension one to M and to the quarks. This change in the dimensions can be achieved by a multiplicative power of Λ. In what follows we will arrange the powers of Λ according to the dimensions at the UV fixed point of the electric theory.
We conclude that in the range 3N c /2 < N f < 3N c the theory at the origin is in an interacting non-Abelian Coulomb phase. In that phase there are two dual descriptions of the physics. The electric one is more weakly coupled and hence more natural for 2N c ≤ N f < 3N c and the magnetic description is more natural for 3N c /2 < N f ≤ 2N c . The electric description can be continued to the range 3N c ≤ N f where it is free. The magnetic theory is infinitely coupled there. The magnetic description can be extended to N c + 2 ≤ N f ≤ 3N c /2 where it is free and the electric one is infinitely coupled. This infinite coupling and the necessity for changing variables to the magnetic variables in this range can be signaled by the pole in the beta function (2.1)
, the theory hits the pole before the fixed point at the zero of the numerator. Lagrangian. Up to gauge and global rotations they are of the form
with
The gauge invariant description of the space is given in terms of the constrained observables M , B and B [7] . Up to global symmetry transformations they are For 3N c /2 < N f < 3N c the theory is at a non-trivial fixed point. We can turn on masses for all the quarks and let the theory flow to a fully massive theory. Equation (1.4) and the closely related gluino condensate
can then be interpreted in two different ways. First, when all the masses are much larger than Λ the massive quarks can be integrated out at one loop leading to a low energy theory with a scale Λ When M is non-zero it leads to a mass term for some q and q by the superpotential 
in the denominator is necessary to relate M 0 with dimension two, as in the UV fixed point of the original theory, to that of dimension one relevant at the UV fixed point of the dual theory). At lower energies this theory confines and we should use its gauge invariant observables
with a, a = 1, ..., N f − N c + 1. Their superpotential is
where the first term is (3.3) expressed in these variables and the second term is generated dynamically [7] . Since we now have a low energy weakly coupled description without any gauge fields it is straightforward to determine the flat directions. The superpotential (4.7)
is stationary whenever N = 0
The relation between B B and b b was determined on dimensional grounds and the numerical coefficient was fixed such that we recover the known results.
These are precisely the flat directions we found in the electric theory (4.3) but now they have a different interpretation. The electric gauge group was Higgsed by Q = 0. On the other hand, the magnetic quarks became massive thus making their low energy theory more strongly coupled and confining. This is additional evidence for the interpretation of the dual variables as magnetic monopoles of the original ones. When the electric variables are Higgsed the magnetic variables are confined.
Note that the electric and magnetic theories remain dual on the flat directions. When B = B = 0 and M has rank k the low energy electric theory is an SU (N c − k) gauge symmetry with N f − k flavors while the low energy magnetic theory is its dual which is based on SU (N f − N c ) with N f − k flavors.
Mass terms in the magnetic theory
We now consider the consequences in the magnetic description of mass terms. We should add to the superpotential (3.3) the mass term Tr mM . For simplicity let the only non-zero entry of the matrix m be m N f N f which we will denote by m. Then, we should study
The equations of motion of M In the electric variables the mass term left N c unchanged and reduced N f by one.
Here we found the dual of this result -both N f and N f − N c are reduced by one.
The mass term makes the electric variables more strongly coupled. It is a relevant operator sending the theory to a more strongly coupled fixed point. In the magnetic variables, the gauge group is Higgsed and the theory becomes more weakly coupled.
Our discussion of the mass term is incomplete for N f = N c + 2 where the mass term triggers complete breaking of the gauge group. Then, the low energy theory should also include instanton contributions in the broken group. In all other cases, these are negligible compared with instantons in the unbroken part of the group and should not be included. The relevant instanton calculation is very similar to that of [1] . In both cases we study a completely broken SU (2) gauge theory. The only difference is that now we have more fermion zero modes in q and q. These can be lifted with the interaction 
where
is the scale of the low energy theory. This is the correct superpotential for the low energy theory with N c + 1 flavors [7] .
In [7] the superpotential (4.14) was derived by imposing consistency conditions. It represents a strong coupling effect which cannot be understood in weak coupling language.
This fact is reflected by the positive power of Λ L in the denominator. Here, we derived this term in a totally weak coupling framework. The first term was there at tree level and the second term came from instantons in the broken magnetic group.
One of the consequences of the superpotential (4.14) is the existence of massless mesons and baryons at the origin of the moduli space. Here we get a new perspective on this phenomenon. The massless baryons can be interpreted as the dual quarks -the magnetic monopoles. It has already been suggested, at least for large N c , that baryons can be thought of as solitons in the pion Lagrangian [20] . Here we see an explicit realization of a related idea -the baryons are magnetic monopoles of the elementary quarks and gluons.
An alternate procedure for analyzing the theory with a mass term is to explore the region in field space with generic M with B = B = 0. Then, all the dual quarks are massive and the low energy magnetic gauge group leads to gluino condensation. Working out the M dependence of the low energy gauge theory, we find that a superpotential proportional .15) is generated. Adding to it the mass term, Tr mM we easily find the expectation values (1.4).
SO(N c ) theories

Duality in SO(N c ) theories
In this section we consider SO(N c ) theories with N f quarks in the vector representation Q i (i = 1, ..., N f is the flavor index). One motivation for studying these theories is that they include theories exhibiting ordinary duality. This will enable us to relate our duality to the better understood duality in Abelian theories. Another reason for the interest in these theories is that unlike supersymmetric QCD, here the quarks are not in a faithful representation of the center of the gauge group. Therefore, there is a clear distinction between the Higgs phase and the confining phase, making the fact that the duality interchanges them clear.
The global continuous symmetry of the theory is
and the quarks Q transform as
The theory is also invariant under the Z 2N f discrete symmetry generated by
(for N c = 3 the symmetry is Z 4N f ). The even elements in this group are also in SU (N f ) so the group is SU (N f ) × Z 2N f /Z N f . We will also be interested in the discrete Z 2 "charge conjugation" symmetry generated by C which acts on the SO(N c ) gauge group like the parity in O(N c ).
The theory is asymptotically free for N f < 3(N c − 2). For N c = 4 the theory is characterized by a scale Λ and for N c = 4 there are two independent scales Λ 1,2 . For simplicity, here we will limit ourselves to the case Λ 1 = Λ 2 . Several special cases of these models have already been studied: Here we will study the range N c − 1 ≤ N f < 3(N c − 2). Repeating the analysis in the SU (N c ) models (the analogy between the two cases becomes more clear when the results of the SO(N c ) series are expressed in terms of (N c − 2)) we reach the conclusion that the theory at the origin is in a non-Abelian Coulomb phase.
The gauge invariant operators which we will be interested in are
where the gauge indices have been suppressed and W α is the gauge field strength.
As in the SU (N c ) theories, the interacting non-Abelian Coulomb phase cannot extend for low values of N f . We assume that it exists only for 3(
where the dimension of the operator M satisfies the unitarity bound.
For 3(N c − 2)/2 < N f < 3(N c − 2) a magnetic description of the IR theory is also possible. This description can be extended to N c − 2 ≤ N f ≤ 3(N c − 2)/2 where the magnetic theory is free in the IR and the theory is in a free non-Abelian magnetic phase.
The magnetic theory is based on the gauge group SO(N f − (N c − 2) + 2) and it has N f quarks, q, in the vector representation of the gauge group and the gauge invariant meson field M . We also assume that under the global SU (N f ) × U (1) R the fields transform as
(5.5)
Note that as in the SU (N c ) theories, the SU (N f ) transformation laws of q are dual to those of Q. The assignment of the R charge is anomaly free. As in the SU (N c ) theories,
we add an invariant superpotential
and for N c = 3 the magnetic theory is more complicated.)
We check the consistency of our ansatz by examining the 'tHooft anomaly conditions.
We find for both theories the same anomalies:
It is important that the electric theory and its magnetic dual have the same gauge invariant operators. It is easy to check that the operator B in (5.4) has the same quantum numbers as the operator b of the dual, magnetic theory. Similarly, the operator b of the electric theory has the same quantum numbers as the operator B of the magnetic theory. Therefore, it is natural to identify these pairs. Furthermore, the "field strength"
in the two theories have the same quantum numbers and therefore can be identified (more precisely be proportional to each other). W can be interpreted as the SO(N c ) gauge invariant description of the light photon along the flat direction where SO(N c ) is broken to SO (2) . The identification between these operators in the two theories is the non-Abelian generalization of the duality studied in [10] . There, for N c = 3, N f = 1, the field strength of the low energy photon on the moduli space is Tr W α Q. The dual, magnetic theory includes the monopole field q and the magnetic photon, whose field strength is indeed proportional to Tr W α Q.
In checking the identification of the operators it is also important to examine their transformation laws under the discrete symmetries. The discrete charge conjugation C is mapped to C of the magnetic theory. However, the Z 2N f symmetry is more subtle. This symmetry in the magnetic theory is generated by q → Ce
The factor of C in the generator ensures that the operators in the two theories are mapped as we said above.
The analysis of the flat directions and the effect of mass terms is similar to the SU (N c ) theories. The mass terms make the electric theory more strongly coupled. They induce gauge symmetry breaking in the magnetic description. The flat directions break the electric gauge symmetry and make the magnetic theory more strongly coupled. As in the SU (N c ) series, these analyses become more subtle when we approach the boundaries of the phase: To relate this phase to the m = 0 theory note that for small m at least some of the components of M are small. Then a more appropriate description, which we will study in detail below, is in terms of expectation values of q. Hence, the magnetic theory is Higgsed corresponding to confinement of the electric variables.
For the flat directions we should pick the branch with (λλ) 1 = − (λλ) 2 , where the superpotential vanishes. Note that every value of M leads to two ground states differing by the sign of (λλ) 1 − (λλ) 2 . In the electric variables these vacua are labeled by M and the baryon field B = det Q which is constrained by det M = B 2 . The two vacua for a given M differ by the sign of B. Above we suggested that the operator B be identified with the operator b of the magnetic theory. In this case this leads to the identification of
2 of the magnetic theory. We see that the expectation values of these operators are compatible with the suggested identification.
It has already been noticed in [12] that in different phases the effective superpotential is different. Here we see the different branches arising as different values of the gluino condensates in the magnetic group.
We start by discussing the mass perturbation which should decouple a single quark in the N f = N c theory. This is analogous to decoupling a quark in the N f = N c + 2 theory with SU (N c ) gauge group. The magnetic gauge group is SO(4). The mass term induces a gauge symmetry breaking to SO(3). When the gauge group is larger we do not have to consider the effect of instantons in the broken part of the group. However, in this case, SO(4) instantons which are not in SO(3) are well defined and their effect should be represented in the low energy theory as a local operator in the Lagrangian. The calculation of this term is similar to the calculation in the analogous SU (N c ) theory and was described above. The induced term is proportional to
whereM is the matrix of light mesons and Λ L is the scale of the low energy electric theory.
The lesson from this calculation is that the dual of an SO(N c ) theory with N f = N c −1
is an SO(3) gauge theory with the superpotential
(we absorb a constant in a redefinition of Λ). It is easy to check that the second term is invariant under all the symmetries of the electric theory. In fact, if it is left out the SO (3) theory has a Z 4N f symmetry (q → e This analysis is not valid when detM is too large. Then, the first term in (5.9) leads to a mass term to the first N f − 1 quarks and the low energy theory is an SO(3) theory with one triplet q N f with the superpotential
This theory is strongly coupled. Without the superpotential (5.11) it is the theory studied in [10] . The coupling to M N f N f acts like a mass term for q N f which locks the theory at two ground states with q N f q N f = ±Λ (2)) E and the field
Integrating out M N f N f and u we find our final answer near that point
(5.14)
We conclude that the theory with a mass term has a moduli space labeled byM which is in the Coulomb phase. Since there are massless magnetic monopoles we can refer to this phase as a "free Abelian magnetic phase." There are two singular submanifolds detM = 0, mΛ 2N c −5 /2 (we have restored the power of Λ on dimensional grounds) with massless charged fields. Both of these submanifolds are strongly coupled in the electric variables.
However, the submanifold with detM = 0 is weakly coupled in the magnetic variables and the light fieldsq are the magnetic quarks while the submanifold with detM = mΛ 2N c −5 /2 is also strongly coupled in the magnetic quarks. The masslessq are clearly monopoles in the electric variables. Here we identify them as components of the magnetic quarks. This is further evidence for our interpretation of the dual quarks as magnetic monopoles.
We More aspects of these SO(N c ) theories will be discussed in [21] .
